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Question 1(i)
Find all eigenvalues, and their geometric as well as algebraic multiplicities

of the following matrices. Are they diagonalizable? If so, find invertible P
such that P~1AP is a diagonal matrix.

A=y 5]

5—t -1
pA(t) = det l 1 3— t‘|

o=(5-t)3-t)+1=1t>-8t+16
o = (t—4)2
1 -1
o A— 4l =det [1 1] — rank(A —41) =1
@ Eigenvalue: 4 with algebraic multiplicity 2 and geometric

multiplicity = nullity(A —41) =2—-1=1
@ Not diagonalizable
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Question 1(ii)

32 1 0
01 0 1
A= 02 -1 0
00 0 1/2
3—t 2 1 0
0 1-t 0 1
epalt)=det) o o 4 g
0 0 0 1/2—t
1-1t 0 1
e =3-t)| 2 —-1-t 0
0 0 1/2—t
1—t 0
e =(3-1t)(1/2—1) l ) 1 t] =(B-t)(1/2—-t)(1—-t)(-1—1)
e Eigenvalues: {3, 1/2, 1, -1} all with algebraic and geometric

multiplicity 1

e Diagonalizable
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3 2 1 0
01 0 1 . _
e A= 02 -1 0 has eigenvalues: {3, 1/2, 1, -1}
00 0 1/2
@ For A =3,
0o 2 1 0 0 2 1 0
0 -2 0 1 0 0 1 1
"A-SI=1g 2 4 o | Tloo o5 o |7
0 0 0 -5/2 00 0 -5/2
0 21 0
8 8 (1) _51/2 . Basic solution=[1 0 0 O]T
0 0 O 0

o Similarly, check that for A = 1/2, [8/3 —2 —8/3 1]T;
A=1, [—3/2 11 O]T;/\:—l, [—1/4 01 o]T
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1 8/3 —3/2 —1/4
Lp_ |0 2 1 0

0 -8/3 1 1

0 1 0 0
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Question 1(iii)

>

Il
O O N
OoON =
N = O

o pa(t)=det| 0 2—-t 1 |=(2-1)

e A-2l= = rank(A —2l) =2

o O O
o O
o = O

o Eigenvalue: 4 with algebraic multiplicity 2 and geometric
multiplicity = nullity(A —21) =3 -2=1
o Not diagonalizable
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Question 2

Let A .= . Find a necessary and sufficient condition on a, b, ¢

O O N
O R o
N a6 O

for A to be diagonalizable.

2—t a b
e pa(t)=det| 0 1—-t ¢ |=02-t)*(1-1)
0 0 22—t
@ For A to be diagonalizable, we need the algebraic and geometric
multiplicities of the eigenvalues to match
e For A =1, this is always true (why?).
@ For A = 2, we need its geometric multiplicity to be 2, or
nullity(A — 21) = 2, or rank(A —21) =1
0 a b 0 1 —c 01 —c
eA-21=|0 -1 ¢c|— 1|0 a b|—=1|0 0 b+ac
0 0 O 0 0 O 00 0
@ So,weneed b+ ac=0
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1 a b 1 a b 1 a b
oA—-I=(0 0 ¢|—1|0 0 O] =1|0 O 1

0 01 0 01 0 0O
o rank(A —1) =2 = nullity(A — 1) = = 1 has geometric

multiplicity 1
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Question 4

Let A € K. Show that X is an eigenvalue of A if and only if X is an
eigenvalue of A*, but their eigenvectors can be very different

o detA* =detA' =detA = detA (Prove by induction)

@ Outline of proof:

Base case: det [x]” = det [X] =X = det [x]

Let B = A and let N; be the minors of A

detB =Y, (1) by Ny;

= > (—1)"*7a;;My; (minors are determinants of a smaller size)

= Zn(71)1+'31;/\/’1; = Zn(fl)lJr"al,'Ml,' = detA

@ Thus we have det A* = det A

e We have det(A — Al) = det(A — Al) = det((A — Al)*)
= det(A* — Al)

@ Thus det(A — \l) = 0 <= det(A* — Al) =0

Yy Vv VvV VY
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Question 5

Let A € K™". Show that 0 is an eigenvalue of A if and only if 0 is an
eigenvalue of A*A, and its geometric multiplicity is the same.

° (=)
» 0 is an eigenvalue of A
» Ax=0= A*Ax=0
» 0 is an eigenvalue of A*A
° (<)
» 0 is an eigenvalue of A*A
» A*Ax =0= x*"A*Ax =0
> (Ax)*Ax =0 = Ax =0 Why?
» 0 is an eigenvalue of A
@ Thus we have shown that 0 is an eigenvalue of A if and only if 0 is an
eigenvalue of A*A
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Let A € K™ Show that 0 is an eigenvalue of A if and only if 0 is an
eigenvalue of A*A, and its geometric multiplicity is the same.

e Geometric multiplicity = dim N (A — Al) = dim AV(A) (for A = 0)
@ Thus to prove equal geometric multiplicity of 0, we need to show that
dimN(A) = dim N (A*A)
e We instead prove a stronger statement: N/(A) = N(A*A)
» xEN(A) = Ax=0<= A*Ax =0 < x € N(A*A)
» Above statement follows from the previous part

» x € N(A) & x € N(A*A) = N(A) = N(A*A)

Deduce rank A*A = rank A

» We have shown that N'(A) = N(A*A)

» dimN(A) = dim N (A*A) = nullity(A) = nullity(A*A)

» By rank-nullity theorem, rank A*A = rank A follows (both matrices
have the same number of columns)
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Question 7

A square matrix A := [aj] is called strictly diagonally dominant if

|aji| > > kzjlaj| for each j=1,...,n. If A strictly diagonally dominant,
show that A is invertible.

@ Showing A is invertible is equivalent to showing nullity A =0
@ Or Ax = 0 does not have any non-zero solution or 0 is not an
eigenvalue of A

Recall: Gerschgorin Theorem

Every eigenvalue of A € K"*" belongs in one of its Gerschgorin disks.
If rj == 3"kzj|ajl|, the Gerschgorin disks are given by
D(ay,rj) :={a€K:|a—ayl <r}

@ Since for strictly diagonally dominant matrix A, |a;| > rj, by
Gerschgorin Theorem, none of the disks can contain the origin
(distance of center from origin > radius)

@ Thus 0 cannot be a eigenvalue of A
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Question 8

Let A € K"*". Define ap := max{||Ax|| : ||x| = 1},

Qoo :=max { > 4_qlax|:j=1,...,n} and

ap i=max {37 |ak|:k=1,...,n}, where A := [au].
Show that |\| < min{az, aeo, 1} for every eigenvalue A.

o |\ < min{ag, ae, a1} <= || < ap and |A| < as and |A] < ap
e First we show that |\| < ap

> Let Amax be the eigenvalue with maximum absolute value i.e.
[Amax| > |Ni| Vi€ {1,2...,n}
Thus there exists a vector x with ||x|| = 1 such that Ax = AmaxX
[AX]| = [[AmaxX|| = [Amax|[|X[| = [Amax|
Which gives us ap = max{||Ax|| : ||x|| = 1} > [Amax| (Why?)
[Amax| < g = |\ < ap for all i (Why?)
@ Next we show that |A\| < aq
Let j' be the value of j at which )", |aj| attains it maximum
By Gershgorin Theorem, |A —ay ;| <3, | [aj«l
Al = fayj| < IA—=ayj| <324 ks lajk| (Triangle Inequality)
IAL< 2k kogir 3kl + 1] = aco
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Let A € K"*". Define ap := max{||Ax| : ||x| = 1},

Qoo :=max { > f_q |ak| :j=1,...,n} and

ap i=max { Y7 q|ak|:k=1,...,n}, where A := [au].
Show that || < min{as, @, a1} for every eigenvalue .

e Finally, we show that |A\| < oy

» Observe that |A| < i is the maximum row sum and |A| < ag is the
maximum column sum

» If we show that A and AT have the same eigenvalues, we can apply
Gershgorin Theorem as in the previous part and be done

» det(A — Al) =det((A — A7) =det(AT — AlI)

» det(A — A1) =0 < det(AT — AlI) =0 or both A and AT have the
same eigenvalues

» Can you complete the proof?
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Question 9

Let x,y € K™*. Prove [x +y||* + [|Ix — y[|* = 2[|x]|* + 2[|y||*. ]
o [x+ylP+lx -yl =(x+y)(x+y)+(x—y)(x—y)
o =(x"+y )(x+y)+(x —y)(x—y)
o = X*x+ y'y + x*y + y*x + x*x + y*y — x*y — y*x
o = 2x"x + 2y"y = 2[}x|[2 + 2|}y|

If x and y are nonzero, prove ||x — y||*> = [[x||* + [lyl|* — 2]|x[|[ly|| cos 6,
where 6 € [0, 7] is defined to be cos™1 (R (x, y)/|Ix||[lyl)-

I —y[I> = (x —y)" (x —y) = x"x + y*y — xy — y*x
= XX+ Yy — (X, y) = (¥, X) =xX"xX+yy— (X, ) = (x, y)
o =x"x+y'y — 2R(x"y) = x"x +y"y — 2R(x, y)
=x"x +y"y = 2|[x[[[[y[[R(x, y) /x| ||y
R0 1, y>|‘ < 1 (Schwarz inequality)

Now, "Lyl = Ti
< HX<||H ‘>| 1. So, we can conclude that 6 € [0, 7] exist
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Question 3 and 6

@ See the OneNote notebook in MS Teams
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Tutorial 6 Question 1

Orthonormalize the following ordered subsets of K**! J

(i) (e1,e1+ex, e +ex+e3 e +e+e3+eq)
> yi1=e¢€

_ (e1,e1+er) _
> Y2=e€te — e =€
<e1, e1+e2+e3) (ez, e1+82+83)

| d = — — —

ys=e1+e+e;3 e e) €1 (e e) ©2—63

(e1, e1+ex+ez+eq) (e2, e1+e2+e3+e4)

> = —

ys=e +e +e3+e {er, e1) e; — W)

(e3, e1+ertezteq) _
T (e 3T &

(i) (e1+ex+e3+es, —€; +e —€; +e3 —e;+ey)

> yi=e +e +e3t+e
(y1, —ei+e)

> yo=—€e;+e — oy 1= —e; +ep
»y3=-e +e—0-y; — 72:2:2 ::i:ﬁ; (—e1+e) =

1
—§e1 — EE2 +e3

Y ya = ertbes — 0y - SISy, - SRy, =
1/2

1 1 1 1
—€1+ € —3Y2—33¥3 = —3€1 — 382~ 363+ €

etertestes —ejter V3 _ A3 V3 eitertes V3
2 T2 0 2\@91 2\[92"_ \[83, 23 + e4)
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Tutorial 6 Question 2

Use the Gram-Schmidt Orthogonalization Process to orthonormalize the
ordered subset

([1 ~1 2 O}T,[1 12 o]T,[s 00 1]T)

and obtain an ordered orthonormal set (uy, uz, u3).

oyl_[l 1 2 0]

»=1[11 2 0} —ih -1 2 O]T:[% 5 2 O}T
[3 001 “2ft 120~ 320 =
T

[5

U‘IICT'

1
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-
[ly1]] 6 6 3

o upy = Y2 — [\/30 V30 /30 O}T
lly2]l 30 6 15

o uz = Y — [12 206 () _6y205 \/205}T
llysl] 205 205 41

Find ug such that (uy,uz,us3, uy) is an ordered orthonormal basis for K4X1J

e We want to ug such that (uj, us) = (us, ug) = (u3, ug) =0

e Find the basic solution of (or directly use y; instead of uy),
X1

s o5 o6 o[
Sooowv Voo o | el = o
30 6 15 ¥
12205 )  _6y205 /206 3 0
205 205 a1 | |xa

1 1 T
@ It turns out to be y4 = {—5 0 5 1}
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Express the vector x =
four basis vectors.

—

-
1 -1 1 —1} as a linear combination of these

°u4=-—%{r1 0

41 41

0 X = Puy (%) + Puy(x) + Pug (%) + Puy(x)

@ X =

(u1, x)u1 + (uz, x)uz + (u3, x)uz + (us, x)us ((u, u) =1)

o x= —2\3/6u1 — 1V153’0uQ + 25y,

Soumya Chatterjee (IIT Bombay)

741
205 U3 — 41 W4

MA 106 : Linear Algebra 740 April 2021

20/20



