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Question 6

1 1
Prove thatdet | a b ¢ | =(b—a)(c—a)(c—b)
2 p2 2
1 1 a a
odet|a b c|=det|l b b?| (SincedetA =detA")
a? b c? 1 ¢ c?
1 a >
o =det |0 b—a b?—a?| (Addition of multiple of a row to another)
0 c—a c*-2°
1 a2 &
o =(b—a)(c—a)det |0 1 b+a| (Why?)
0 1 c+a
(10 0
e =(b—a)(c—a)det | a 1 1 | (detA =detAT)
a*> bt+a c+a
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e =(b—a)(c— a)det

(] R3 — aR2, R2 — aR1

o =(b—a)(c— a)det

o = (b—a)(c—a)(c— b)

Also, prove an analogous formula for a determinant of order n, known as

Expand along first I’OV\;,

=(b—a)(c — a)det

1
b

0 0
1 1
b+a c+a
00
1 1| (detA =detAT)
b c

the Vandermonde determinant.

J

@ Observe that det [1
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11 ... 1

dy a2 ... adp
o V,=det
al a5 ... a;
@ With the same operations as in the previous part, verify that
1 1 ... 1 1 T |
a a ... a n a» as a
o det | . " = H(a; — ap)det !
: I':2 .
ai aj; ap ag~t oAt o ant
n
@ Thus, we have V, = H(a,- — a1)Vj—1. Using this and knowing
i=2
Vi =1, check that
o V,= H (aj — ai)

1<i<j<n
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Question 7

For n € N, i )
0 0O 0 01
0 0O 010
prove that D, = det i = (—1)n(n-1)/2
010 ... 00O
|1 00 0 0 0]

Expanding along the first row, we have

D, = (_1)n+1(_1)1+n—1Dn_2

D, = (-1)"Y(=1)"...(-1)3Dy

Since D; = det [1} =1and (—-1)?> =1, we have
Dp = (-1)"}(=1)"2...(-1)!

e D, = (71)n(n—1)/2
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Question 8

For n € N, prove that

1 2 3 ... n—1 n
2 2 3 ... n—=1 n
3 3 3 ... n—1 n
det _ _ _ . . | =(-1)"1n.
n—1 n—1 n—1 ... n—1 n
i n n n ... n n |

ORI —Ry, R—R3...

[ —1 0 o ... 0 0
-1 -1 0o ... 0 0
-1 -1 -1 ... 0 0
@ det i
-1 -1 -1 ... =1 0
L n n n ... n n |

o Triangular Matrix, so (—1)""'n = (—1)"*!n
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Question 9

Find rank A using determinants, where A is

0 2 -3 4 3
(|2 o 5], )|-8 6.
-3 5 0 16 12

Verify by transforming A to a REF.

0 2 -3
odet|2 0 5| =-2-15—3-10= —60 implies that the rank is 3
-3 5 0
@ Row reduction is
0 2 -3 2 0 5 2 0 5 2 0 5
2 0 5{—-(0 2 -3 —-10 2 -3{—-1|0 2 =3
-3 5 0 -3 5 0 0 5 75 0 0 15
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4 3
(i) [-8 —6
16 12

@ det 4 3]=0
@ det 120

@ det 8 _61 =0

16 12

@ there are nonzero entries, hence the rank is 1

Row reduction is
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-8
16

All 2 x 2 subdeterminants vanish

3 4 3
-6 — |0 O
12 00
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Tut 4 Question 1

Find the value(s) of a for which Cramer’s rule is applicable. For the
remaining value(s) of «, find the number of solutions, if any.

X 4+ 2y + 3z = 20
x + 3y + z = 13
X + 6y + oz = o«
1 2 3
@ Cramer Rule is applicable if matrix A= |1 3 1| is invertible
1 6 «
1 2 3 1 2
o detA=det|l 3 1| =det|0 1 -2 |=a+5
1 6 « 0 4 aa—-3

@ Which is non zero for ao # —5
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1 2 31|20 1 2 3|20 1 2 3120
13 1|13 =101 =2|-7|—=101 =2|-7
1 6 -5|-5 0 4 -8|-25 00 013

@ No solution
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Tut 4 Question 2

Find the cofactor matrix C of the matrix A, and verify
CTA = (detA)l = ACT. If detA # 0, find A~L, where A is

2 b 0 9 5 1 1/2 1/3
(1) lc d],(ii) 2 0 0f, (i) [1/2 1/3 1/4
0 20 1/3 1/4 1/5
o |? b
c d
» Miy=d, Mp=c, My =b, My =2a
. C— d -—c
T |-b a
A _ | d —=b|la b| |ad—bc 0 .
- C A_{—c a}{c d}_[ 0 ad — bc = (detA)l
> A ad—bc|:_c 3
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>
Il
o N o
N O ©
oo u

o Mi1 =0,Mi2 =0, M3 =4, My = —10, My =0, Moz =0, M3; =
0, M3, = —10, M33 = —18

0 O 4
e C=1]10 0 0
0 10 -18
0 detA=0x0—-9x0+5x4=20
0 10 O 0 9 5 20 0 O
eC'A=1{0 0 10 2 0 0|=|0 20 0| = (detA)l
4 0 -—-18(|0 2 O 0 0 20
0 1/2 0

eAl=|10 0 12
/5 0 -9/10
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1 1/2 1/3
A=|1/2 1/3 1/4

1/3 1/4 1/5
o M= k= s Ma—l-b= &
1/240 1/60 1/72
oM=|1/60 4/45 1/12
1/72 1/12 1/12
1/240 —-1/60 1/72
o C=|-1/60 4/45 —1/12
/72 -1/12 1/12
o detA = 535 — 155 + 376 = 2160
o Verify CTA = (det A)l
9 —-36 30
e Al=1]-36 192 —180
30 —180 180
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